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GRAPHS OF ZEROS OF ANALYTIC FAMILIES

ALEXANDER BRUDNYI

ABSTRACT. Let F := {f\} be a family of holomorphic functions in a domain
D C C depending holomorphically on A € U C C"™. We study the distribution
of zeros of {f\} in a subdomain R CC D whose boundary is a closed non-
singular analytic curve. As an application, we obtain several results about
distributions of zeros of families of generalized exponential polynomials and
displacement maps related to certain ODE’s.

1. INTRODUCTION

1.1. This paper is devoted to the problem of the distribution of zeros for families
of univariate analytic functions depending analytically on a multivariate parameter.
Such problems arise in several diverse areas of Modern Analysis, including Dynam-
ical Systems (started by the classical works of Poincaré, Dulac and Bautin related
to the so-called second part of Hilbert’s 16*® problem [I]), Transcendental Number
Theory (going back to the classical works of Gelfond, Mahler and Siegel related to
Hilbert’s 7t problem [B]) and Approximation Theory (Bernstein-Markov-Remez’
type inequalities for analytic functions see e.g. [Brl], [RY]). In [Br2] we studied
this problem in the case of analytic families appearing as displacement maps of
certain planar polynomial vector fields. The main result of that paper was derived
from a new distributional inequality obtained by methods of Pluripotential Theory.
In contrast, the main purpose of the present paper is to study some geometrical
properties of the distributions of zeros.

Let F:={fx» € O(D) : X\ € U} be a non-zero family of functions holomorphic in
a planar domain D C C and depending holomorphically on A varying in a domain
U C C". The central set of F in U is a closed complex analytic subset defined by

Cr:={XeU : fA=0}.
Given a subdomain R compactly embedded in D (written, R CC D), one intro-

duces a function Nz g : U\ Cr — Z4 counting the number of zeros (with their
multiplicities) of fy in the closure R, that is to say,

(1.1) Nrr(\) =#{z€R : fi(z) =0} .

This function is upper semicontinuous and bounded in V' \ Cz for any subdomain
V CcC U (see e.g. [Br2]). Finding the geometric properties of Nz g is the main
objective of this paper. As an example of the results obtained we mention a rather
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unexpected “intermediate value theorem” asserting that for generic families F the
function Nz r assumes on V \ Cx all (integer) values between its infimum and
supremum.

We now introduce some basic definitions and related auxiliary results that will
be used throughout the paper. Our main notion is related to a result which, in
turn, requires the definition of subanalytic sets. For convenience of the reader we
recall

Definition 1.1. Let M C R"™ be an open set. X C M is said to be semianalytic
in M if for each x € M there exist its open neighbourhood O, C M and a finite
family of real analytic functions f;; : O, — R such that

p q
XNn0.=J )X
i=1j=1

where X;; = {fij(x) = 0} or {f;;(z) > 0}.
A subset X of M is subanalytic if, locally, X is a projection of a relatively
compact semianalytic set.

We refer to [BM] and [H|, and references therein, for the main results for basic
properties of subanalytic sets used in the present paper.

Now (and below), let F, U, R and V be the above introduced objects. Suppose
that

(1.2) for any & € D there is a A € U such that f(£) # 0;

(1.3) the boundary I':= R \ R is a closed non-singular analytic curve.

Let us introduce the set S C V as the projection on V of the analytic set
S={(zA)eTxV : fr(z)=0}.

Proposition 1.2 ([Br2| Lemma 4.2]). (1) CrNV C S.

(2) S C Vs a closed subanalytic subset of real dimension at most 2n — 1.
(8) V\'S is the disjoint union of a finite number of open sets Z; such that Nr g
equals © on Z;.

In accordance with the properties of subanalytic sets, Z;, its closure Z;, boundary
0Z; .= Z; \ Z;, and its connected components are all subanalytic sets in V.
Now we are in a position to introduce our main notion.

Definition 1.3. The graph of zeros Gr r(V) is formed by the set of integers
Nz r(V \ S) regarded as its vertices and the set of edges (4,j), where 4,5 €
Nz r(V'\ S) are such that they satisfy the condition

dimr(0Z; N0Z;) =2n—1.
The following instance illustrates this definition.
Example 1.4. (1) Let F := {f\ : X € C?*}, where
Gz =z A2)™ - (Aag—1z2 + A)™, nseN, 1<s<k.

As the set V' € C?* we choose the open Euclidean ball of radius r centered at 0
(written, V = B.(0,7)). In turn, choose R to be the open disk D, C C of radius p
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and center 0. It is readily seen that the corresponding set S C B(0,r) is the union
of k hypersurfaces given by

[Aos—1lp = |Aes|, 1<s<k.

Then the graph Gz r(V') can be described in this case as follows.

Let {es : 1 < s <k} be the canonical basis of R¥, and P the parallelepiped
formed by the vectors nses;, 1 < s < k. Introduce a function h defined on the
set of vertices V of P by h(x) := 25:1 Ts, x € V. If h separates the points of V,
then the image of h is the set of vertices for the graph G r(V). Moreover, a pair
(h(x),h(y)) is an edge of this graph if z, y are joined by a 1-dimensional edge of P.
The figure below presents the case of k =3, n; =1, no =2 and ng = 4.

0

1
If h does not separate the points of V we say that © ~ y, x,y € V, if h(z) = h(y).
This relation partitions the set V into equivalence classes {[z] : = € V}. Now the
set of vertices of G r(V) is the image of h. Moreover, a pair (h(z), h(y)) is an edge
of this graph if h(x) # h(y) and there are 2’ € [x] and y’ € [y] that are joined by a
1-dimensional edge of P. We leave the details to the reader.
(2) Now let F :={fr : X € C}, where

HiE) =AW+ 14+A2"), n#m.

Choose V' := Dy and R := ;. Then the corresponding set S C D5 is the unit circle
S = 9Dy, and the graph G r(V) in this case has the form

m n
It is worth noting that in this case supy, Nz g =n + m, and it is attained on S*.

Even these simple examples show that the graph of zeros may be of a complex
combinatorial structure. Strikingly, for “generic” families F this graph has a linear
structure described by the picture

m m+1 m+2 m+3 M-2 M-1 M

where m and M are infimum and supremum of Nz g on the set V'\ Cr. Adopting
the terminology of Lie group theory, we refer to this as a graph of A-type. Our main
results describe certain conditions on F under which the corresponding graph of
zeros is of A-type. Remark[[6lbelow shows that a small perturbation of an arbitrary
family F gives a new family satisfying the conditions of our main theorem.
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To formulate these results it will be useful to introduce several additional notions.

We say that a simple closed curve I' C C is periodic, if there exists an integer
n > 2 such that z - e €l for any z €T

Now let a curve I' C C be contained in the set D from the definition of the family
F. We say that F = {f,\} has no multiple zeros on T if for any w € T" the analytic

set of
AeU : falw)=>(w) =0}
has complex codimension at least 2.
Now let T'(n), n = (n1,7m2,n3) € C3, be an operator defined on g € O(D) by

(T(n)g)(2) :==glmz +n2) + 13 ;

here m1z + 12 € D. This operator is well-defined for z belonging to any compact
K C D and 7 sufficiently close to the point (1,0, 0).

We say that the family F is locally stable with respect to the family T on a
compact K C D if for any A € U there is an open neigbourhood O, of the point
(1,0,0) in C3 such that for n € O,,

(T f2)(=) = fu(2)
with v continuously depending on A and 5, and z € K.

Similar definitions will be used for the families of operators Ti(ni,1m2) =
T(nla 0, 772)a TQ(nla 772) = T(nla 12, O)a and T3(77) = T(n7 0, 0)

Now we are in a position to formulate our main results. In all these results we
suppose that R is starlike with respect to 0 and satisfies condition (b) (see (.3)),
and that F satisfies condition (a) (see (L2)). In addition we suppose that F and
R meet one of the following three conditions:

(1) F is locally stable with respect to the family 7 on R.

(2) T := R\ R is not periodic, and F is locally stable with respect to the family
T, on R.

(3) F has no multiple zeros on I', and is locally stable with respect to the family
T> on R.

Under these hypotheses the following holds.
Theorem 1.5. The graph of zeros Gr r(V) is of A-type.
Remark 1.6. Suppose that F is an arbitrary family satisfying (L2)) and that T =

R\ R is a non-periodic closed non-singular analytic curve. Let us show that a small
perturbation of F gives a new family F satisfying the conditions of Theorem [LLH]
i.e., these conditions are generic. .

To this end choose a > 0 such that (1 +a)z € D for any z € R, and b > 0, and
set

A= {(/\n+1;/\n+2) S c? . |/\n+1| <a, |)\n+2| < b},
U=UxA; Vi=VxAcCU.

Now introduce a new family F = {f5 € O(D) : X € U}, where D is a suitable
open neigbourhood of R and

f5(2) = (1 + Ang1)2) + Ansa
It is readily seen that F satisfies the hypotheses of Theorem
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Let us now formulate the second main result. In this case we preserve all the
hypotheses of Theorem [[H] except for hypotheses (1),(2),(3). The latter will be
replaced by the following two conditions:

(4) F is locally stable with respect to the family T3 on R.
(5) For any A € V there is a vector v = v(\) € C" such that |D, fA(0)| > §, and

|Dyfr(2) = Dufr(0)| < M - |z| if z€D,.

Here

D, fa(z) :== tlir% —f)\-HU (Z)t_ H() , teC,
and 6 > 0, M >0, and p > 0 all depend only on V and F.
Under these assumptions the following holds.

Theorem 1.7. Suppose that I = R\ R is non-periodic and is contained in D, with
r := min{p, ﬁ} Then the graph Gr r(V) is of A-type.

1.2. In this section we formulate some applications of our main results, illustrated
by examples.

Let f and f1,..., fx be non-constant entire functions on C* and C, respectively.
Introduce a family F by the formula

Ia(z) = f(fi(p1(2), - - -, felpr(2))),
where p; is a fixed member of the space of holomorphic polynomials of degrees at
most dj, 1 < j < k, respectively, and A € C¢, d := Z?:l(dj + 1), is the vector
consisting of the coeflicients of all the p;.
Suppose that
(A) the complex analytic set

Z = {(Ul,...,’uk) S (Cd : f(fl(’l)l),...,fk(’l)k)) = 0}

is irreducible, and
(B) there exists A\g € C? such that fy, has a simple zero in C \ {0}.

Under these hypotheses the following is true.

Corollary 1.8. For any domain V CC C% and R starlike with respect to 0 satisfy-
ing (IL3) the graph Gr r(V) is of A-type. Moreover, there exists a subset Xp C C4
of Lebesgue measure 0 such that any function fy € F with A € C*\ X admits only
simple zeros on any curve tI'; ¢t > 0.

Example 1.9. (1) Let
Fi={fiz)=> Nz : A=(No,...,\n) €C"T}
=0

be the space of holomorphic polynomials of degree at most n. Then Theorem [LH
implies that for any V' C C"*! and any R starlike with respect to 0 satisfying (IC3)
the graph Gz r(V) is of A-type.

In particular, for V' = C"*! the set of zeros of F in R is naturally parameterized
by points of the complex projective space CP™. In this case the corollary states
that CP" is a disjoint union of connected subanalytic subsets V;, 0 < i < n, such
that for each point from V; the corresponding polynomial has exactly i zeros in R.
Moreover, any pair 4, j such that dimg V; N'V; = 2n — 1 satisfies |i — j| = 1.
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(2) Let F = {fx} be the family of generalized exponential polynomials

k
=) =) pi(2)e
j=1

where pj, ¢; are again holomorphic polynomials of degrees at most p and ¢, respec-
tively, and A\ € CF(P+9+2) ig the vector of coefficients of all the p; and gj. Then
for any domain V cc CFP+9t2) and any R starlike with respect to 0 satisfy-
ing (L3), the graph G r(V) is of A-type. In fact, the set Z := {(v1,...,v21) €
C? : wie¥ + - + vgp_1e%2* = 0} coincides with the graph of the entire function
V1€Y2TV2k o gy _ze¥20 272k defined on C?*~1, and therefore is irreducible, and
Corollary can be applied.

Now we formulate an application related to dynamical systems generated by
polynomial vector fields. The central problem in this area is the (still unsolved)
second part of Hilbert’s sixteenth problem. This problem asks whether the number
of isolated closed trajectories (limit cycles) of a planar polynomial vector field is
always bounded in terms of its degree (for recent developments related to Hilbert’s
problem see, e.g., [I]). In this paper we consider a local version of this problem for
complex vector fields close to the linear rotation

(1.4) { y= z+G(z,y),

where the functions F' and G are given by

F(z,y) = Z ariz®yt,  G(z,y) = Z bixtyt , d>2.

1<i+k<d 1<i+k<d

Let A € C44+3) he a vector formed by an ordered collection of the coefficients of F
and G. To introduce an analytic family related to the local behavior of the solutions
of (T4)) near the origin we rewrite (4)) in polar coordinates x = 7 cos ¢, y = rsin ¢.
Then we have
(1.5) dr = P T,

dp 1+Q

where P and @ are given by

2P y) +yG@y) o 4 . 26@Y) —yF@y)

r

P(r,¢) :=

Now let (4, A,79) be the analytic solution of (LH) with initial value rq € C (it
exists for sufficiently small vectors of the coefficients A and ry, and is holomorphic
in these variables). Then, by definition, Py(ro) := r(2m, A, 7o) is the Poincaré map
and dx(rg) := Px(ro) — o the displacement map of (CH). Now we introduce the
analytic family

r

D:={dy€ OD,) : A€ B.(0,N)}.

Here B.(0, N) is the open Euclidean ball in C*(4+3) and N = N(d) and r = r(N)
are sufficiently small. The role of the zeros of the family D is as follows.

If dy, A € RU4+3) ig not identically zero, then positive zeros of equation dy(z) =
0 correspond to limit cycles of the system (L) situated in a small neighbourhood
of the origin.
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Theorem 1.10. Suppose that R € Dy g is starlike with respect to 0 and its bound-
ary T' is a mon-singular, non-periodic analytic curve. Then the graph of zeros

gD,R(Bc(OaN)) 18 OfA-type fOT‘ N = 407:\/3.

2. PROOFS OF THEOREM 1.5 AND COROLLARY 1.8

2.1. First we prove some auxiliary results.

Lemma 2.1. Suppose that the number of vertices of the graph Gr r(V') is at least
2. Then codimr0Z; =1 for any vertex i € Gr r(V).

Proof. Assume, to the contrary, that there exists an 7 such that the real codimension
of the subanalytic set 0Z; := Z; \ Z; is greater than 1. According to our hypothesis
the open set Y := V'\ Z; is non-empty. Thus V' \0Z; is the disjoint union Z;L1Y". But
according to a topological property of subanalytic sets, see [Hal, the pair (0Z;, V)
is triangulable. Since codimrdZ; > 2, this implies that V' \ 0Z; is connected. This
contradiction proves the lemma. O

Lemma 2.2. Suppose that F is locally stable with respect to the family Ty on R.

Let S C V C C™ be the subanalytic set from Proposition[1.2 Then:

(1) S\ Cr is of pure dimension 2n — 1; that is, for any x € S\ Cr and any
sufficiently small open Fuclidean ball B, centered at x, dimgB, NS = 2n —1.

(2) V\'S contains the sets Zy, and Znr, where m and M are infimum and supre-
mum of Ne r on V \ Cr.

Proof. (1) Assume, to the contrary, that there are a point x € S\ Cr and a
sufficiently small open Euclidean ball B, centered at x such that the real dimension
of S, := B, NS is at most 2n — 2. Since S, is subanalytic, without loss of generality
we may assume that € S is a smooth point and S, C B, is a smooth submanifold.
Next, from the local stability of F it follows that there is a continuous map G, (t) :
I, — B, of a small open interval I, := {t € R : |t — 1| < r(z)} such that

fﬁx(t) (2) = f.(tz), z€R.
Since ¢ Cr, the set K := {t € I, : [,(t) € S} is finite (otherwise, from the
definitions of §, and S we obtain that f, is identically zero). Thus, diminishing
I, if necessary, we may assume that K = {1}. Now from the definitions of 3, and
S it follows that the number Nz g(8:(1 + €)) — Nz r(8:(1 — €)) for any positive
e < r(x) is positive and equals the number of zeros of f,, on I'. But according to our

assumption, B, \ S, is connected. In particular, there is a continuous path joining
Bz(1+€) and B,(1 — €) inside B, \ S. Then from the formula

Nrr(\) 1 [ i)

2 e 1)
valid for A € S, it follows that
Nz r(B:(1+¢€) =Nz r(B:(1 —¢)) .

This contradiction proves (1).

(2) Since Nz g is upper semicontinuous on V, it attains the value m on a rel-
atively open subset of V. This implies that Z,, # 0 (because dimgS = 2n — 1).
Next, assume, to the contrary, that Zy; = (. Since Nz g is integer-valued and
M < oo, this assumption implies that there exists a smooth point z € S\ Cx
such that Nz gr(z) = M. Let us consider the map 3,(¢) : I, — V defined as in

dz,
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the proof of part (1). From its definition it follows that there is an i € Z such
that 8,(1 + €) € Z; for any positive € < r(z). This implies that ¢ > M. Hence
Z; = Zy # (. This contradiction proves the lemma. O

2.2. Proof of Theorem [I.5] Consider a subset Z; C V'\ S. According to Lemma
21 there is an open Euclidean ball B centered at a point from 0Z; such that
BNS C 0Z; is a smooth closed submanifold of B of real codimension 1, and
B\ S = Uy UUs, where Uy and Us are open and connected, and, say, Uy C Z;,
U C Z; for some j (not necessarily distinct from ¢). In particular, Y;; := BN S is
the common boundary of Z; and Z;, and B\ Y;; = (Z; N B) U (Z; N B).

Choose a point y € Yj;, and let 21, ...,z be the set of distinct zeros of f, on I’
of orders 1, ..., uk, respectively.

Lemma 2.3. Under the hypotheses of Theorem [I.3 we have

k
li—jl=> p>0.
s=1

Proof. From the local stability of F with respect to the family T3 on R it follows
that there exists a continuous map 3, : I, — B C V of a small open interval
I,:={teR : |t—1| <r(y)} such that

fa,0(2) = fy(tz), z€eR.

Then, as in the proof of Lemma [Z2] the set K := {t € I, : (,(t) € S} coincides
with {1} for a sufficiently small r(y). Let us show that for such r(y) the image
By(I,) does not belong entirely to either Z; or Z In fact, assuming the opposite
we obtain for any ¢1,ts € Iy, t1 <1 < t2, that

Nz r(By(t1)) = Nr r(By(t2)) -

Here, by definition, the value on the left is the number of zeros of f, in t1 R and the
value on the right is the number of zeros of f, in toR. But 4R C R C t5R (since
R is starlike with respect to 0) and f,, has zeros on the boundary I of R. Thus we
get

Nr,r(By(t1)) < Nrr(By(t2)) -
This contradiction shows that we have, say, 3,(I;) C Z; and §,(I,)) C Z;, for
L={1<t<1l+r(y)}and [ ={1-r(y) <t <1}, and

k
j—i:Z,LLS>0. O
s=1

Next, we will show that the set of zeros of f, on I' consists of a single point, i.e.,
k = 1. In the proof we will use the following result.

Lemma 2.4. Let z1,...,2; € ' be pairwise distinct points.

(1) There is a nowhere dense subset L C C such that for any w € C\ L there are
pairwise distinct rq,...,7 € Ry so that z; —w e rI', 1 < < k.

(2) If T is non-periodic, then there is a finite subset M C S such that for any
w € SY\ M there are pairwise distinct r1,...,r, € Ry so that w - z; € T,
1<i<k.
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Proof. (1) Each point z € C\{0} can be written uniquely as z = r-y, r € Ry, v € I.
Since I' is a non-singular analytic curve, the transition from Cartesian coordinates
on R%\ {0} to the coordinates (r,~) is analytic. For each i consider the map C — C,
w — z; —w. For w # z; it can be written as g;(w) - hi(w), gi;(w) € Ry, hi(w) €T,
where g;, h; are analytic on C\ {z;} and g¢; can be extended continuously at z;. The
identity g;(w) = g;(w) for i # j means that there is an » € Ry such that z; — w
and z; — w belong to rI". Let

L:={weC : gj(w)=gj(w) for some i # j} .

Then each w ¢ L satisfies the required statement. Let us show that L C C is
nowhere dense. Notice that by the definition L\ {z1,..., 2} is an analytic subset of
C\{#1,...,2z,}. Thusit suffices to check that each L;; := {w € C : g;(w) = g;(w)},
i # j, is a proper subset of C. In fact, since z; # z; we have 0 = g;(z;) # gj(2:) and
0 = g;(z;) # gi(#;), implying that z;, z; & L;;. This completes the proof of (1).

(2) In polar coordinates (r,0) € Ry x R the curve I' is the graph of a positive
27-periodic analytic function 7 = f(#). The map z — w -z, w = € € S, in
these coordinates is defined by the translation (r,0) — (r,0 + ¢). Suppose that
z; = (f(6:),0;) for some 6; € [0,27), 1 < i < k. Assume, to the contrary, that
there are ¢ # j, an infinite sequence {¢r} C [0,27), and sequences {r;} C Ry,
{yki},{yr;} C [0,4m) such that for any k,

(f(0:),0; + ¢n) = (rk - f(yri),yxi) and  (f(0;),0; + én) = (7k - f(Yrs)s Urs) -
This implies that for any k,
S (yri) _ f(0:)

flyri — (0: = 65))  f(6;)

But by definition {yx;} has a limit point in [0, 47], and f is 27-periodic and analytic.
Thus we have

ro 16

ft =0 =05)  f(8;)

We will prove now that f(6;) = f(6;). Suppose first that f(6;) > f(6;). Let

tmaz € [0,27) be such that f(tmer) = maxg f. Then from the above identity we
obtain the contradiction

teR.

1> f(tmax + (91' — 9]’)) _ f(@z)
- f (tmam) f (gj)
Thus f(6;) < f(0;). Similarly one can show that f(6;) > f(6;), which gives the
required equality. This means that f(¢) is periodic with the period |6;—6;| € (0, 27).
Then it is readily seen that |6; — 8;| = 2mq for some ¢ € Q, and so f(t) is periodic
with a period 27”, [l € N, [ > 1. This contradicts the non-periodicity of T'.

The proof of the lemma is complete. O

>1.

Lemma 2.5. Let y € Yy be as in Lemma[2Z3. Then the set of zeros of fy, on T
consists of a single point.

Proof. In order to prove the lemma it suffices to obtain the required statement for
F locally stable with respect to the families 75 and 75 on R. In what follows we
retain the notation of Lemma [Z3]
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(A) Suppose that F is locally stable with respect to the family 7, on R. Di-
minishing, if necessary, r(y) in Lemma [Z3], we obtain by definition that there is a
continuous map 3, : I, x D,(,) — B such that

fﬁy(t,w)(z) =f,(tz+w), z€eR.

Here By(t, 0) = By(t). Using the definition of §,, from Lemma [Z3 we obtain that

T(Qy) there is a positive s’ < s such that for any w € Dy we have

for s :=
Ey(l —s,w) € Z;, and Ey(l +s,w) € Z;.

Let Iy :={t € R : [t—1| < s}, Byw(t) == By(t,w), and K, := By (Is) N Yij (£ 0).
We check that for any w € Dy

(2.1) H{LeT, 1 Byult) e Ky} <k.

In fact, By, (t) € Y;; for some ¢t € I, means that there is a 2z’ € T such that
fy(tz" +w) = 0. But then, assuming that s is sufficiently small, we obtain that
tz' + w coincides with some z; € I'. Since 2’ = 2% and I is non-singular analytic
and starlike with respect to 0, for any i, 1 < ¢ < k, there is at most one ¢ € I, such
that - € I". This implies (Z.I]). Hence there exist a subinterval J := [a,b] C I,
and a point t € J such that

By(tw) €Yy, By((t:blw) € Zj, By(last)w) € Z .
In the rest of the proof of part (A) we assume that w € Dy \ L with L defined as

in Lemma 241 (1). Further, by the definition of J and §,, for any ¢; € [a,t) and
to € (t,b] we have

i = Nr r(By(t1,w)) < Ner(By(ta,w) = j .

Since Nz g is an upper semicontinuous function, this implies that

N r(By(t,w) = j -
Note that tI' + w is the boundary of the domain {J,_,(¢R + w). Thus from the

above identities and from the definition of By we obtain that j equals ¢ plus the
number of the zeros of f, on tI' 4+ w. But, since s is sufficiently small, each zero of
fy on tI' +w coincides with one of the z;, 1 <1 < k. Since w ¢ L, there is only one
such [. In particular,

j=i4+wm and p.=0 if r#Il.

So, in this case, the set of zeros of f, on I' consists of a single point.

(B) Suppose now that F is locally stable with respect to the family 75 on R.
Then without loss of generality we may assume that r(y) in Lemma 23]is so small
that there is a continuous map 3, : D(1;7(y)) — B, D(1;7(y)) := 1 4 Dy, given
by the formula

T (2) = fy(wz), z€R.
(Here 3], is the same as in Lemma[Z3) Next, from the properties of 3,|;, proved

in Lemma [2.3]it follows that for s = # we can find a positive s’ < s such that for
any w € SN D(1,s") we have

By(w(l —s)) € Z, and By(w(l+s)) e Z;.
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Then applying arguments similar to those used in part (A) of the proof, for each
w € 81N D(1,s") we can find a subinterval J := [a,b] C I, and a point ¢t € J such
that
By(wt) € Yy, Byl(wtuwb]) € 25, By([wayut)) € Z

Moreover, as before, we obtain that j equals ¢ plus the number of the zeros of f,
on wtl'. Then for a sufficiently small r(y) the latter implies that each zero of f, on
wtl' coincides with some z;, 1 < < k. Now choose w such that w! ¢ M with M
defined as in Lemma 241 (2). Then for such w this lemma implies that the set of
zeros of fy|wr consists of a single point. Then, as above, we deduce that the set of
zeros of f, on I' consists of a single point, as well.

The proof of the lemma is complete. O

Finally we prove

Lemma 2.6. Under the hypotheses of Theorem[L the zero of f, on T has order
1.

Proof. To prove the lemma we will point out a point y’ € Y;; such that all zeros of
fy|r are of order 1. Then according to Lemma 2.0 we will get that the set of zeros
of f,s on I is a single point. Finally, applying the identity of Lemma 23] we will
obtain that |¢ — j| = 1. This will complete the proof of the lemma, and together
with the statement of Lemma (2) will complete the proof of the theorem.

First we will find such a y’ € Y;; under hypothesis (3) of the theorem. Let

Sqg:={(w,\) eTxV : fa(w)= Cg—;(w) =0} .

Byp1:I'xV — T and py : T' x V — V we denote the natural projections. Since F
has no multiple zeros on T', we have dimg p; ' (w) < 2n — 4 (where dimgV = 2n).
Therefore dimgSy < 2n — 3, which implies that dimg p2(Sq) < 2n — 3. Since
dimrY;; = 2n— 1, the latter inequality shows that there is a point 3’ € Y;; \ p2(Sa).
By the definition, all zeros of f,/|r are of order 1.

Now, let us prove the lemma under hypotheses (1) and (2).

Let 2z be the zero of f, on I' of order p (here y is the same as in Lemma [Z3)).
Then in a small open neighbourhood O of I we have

fy(2) = 9(2) - (z = 21)",

where g|o is holomorphic and nowhere 0. Let us consider the equation
(2.2) g(2)(z —z)t = —c.

According to the Rouché theorem there are an open neighbourhood O C O of T and
a § > 0 such that for any ¢ € Dy equation (Z2) has u zeros in O. Doing the change
of variables w := (g(2))Y*(z — z1), valid in a small open neighbourhood O; C O of
z1, we obtain w™ = —c. From here, diminishing J if necessary, we conclude that
for any ¢ € Ds, ¢ # 0, equation (Z2) has p distinct zeros in O .

Next, since F is locally stable with respect to the families 7 and T} on R, we
can find a small positive € < ¢ such that

(a) tzeOforanytel, :={teR : [t—1|<e}, z€T, and

(b) there is a continuous map £y : I x De — B given by

foyt,0)(2) = fy(tz) +¢, =z € R.
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Now, as in the proof of Lemma 25, we can find a positive ¢’ < e such that for each
ce De’7

B,(1—e€c)eZ; and B,(1+e€c)eZ;.

(Here we retain the assumptions of Lemmal[2.3]) Suppose that ¢ € D/ \ {0}. Since
the intersection 3, (I¢,c) NY;; # 0, there is a point s € I. such that fa1(5,0) (2) ==
fy(sz) + c has a zero on I'. But from our definitions of € and ¢ it follows that
fgé(s,c) has at most p distinct zeros on I', each of order 1. Therefore the point
y' := B,(s,c) € Yi; satisfies the property described at the beginning of the proof of
the lemma. This implies that |i — j| = 1. d

The proof of the theorem is complete. O

2.3. Proof of Corollary [I.8l Clearly, the family F satisfies condition (2) (for
otherwise, the function f(f1(z1),..., fk(zk)) is identically zero). First we will show
that F has no multiple zeros on I'.

For any w € I' we set

Zy={AeC? : fr(w) = fi(w)=0}.

Assume, to the contrary, that there exists a wy € I' such that Z,, has complex
codimension 1. Then Z,, has complex codimension 1 for any w # 0. This follows
from the identities fx(wo) = f5(w) and f}(wo) = 7= (f5(w)), where

f5(2) = F(F1(01(2)), -5 fe(Pr(2)),  p;(2) = pj(woz/w) .

Thus it suffices to consider wy = 1. Observe that the analytic hypersurface

Xi={xeC? : f(fip1(1)),.- ., fr(pr(1))) =0} C C*

is irreducible because it is isomorphic to Z x C? %, where Z is irreducible by
hypothesis (A) of the corollary. Since according to our assumption Z; C C? is a
closed analytic subset of complex codimension 1 and Z; C Xj, from irreducibility
of X1 we obtain that Z; = X;. Hence, Z, = X, := {A € C? : f\(w) = 0} for
any w # 0. This means that any non-zero root of each fy is of order > 1, which
contradicts hypothesis (B) of the corollary. Therefore we conclude that the family
F has no multiple zeros on I'. Also, by definition, F is locally stable with respect
to the family 75 on R. Thus Theorem implies that Gz r(V) is of A-type for
any domain V' CC C? and any R CC C starlike with respect to 0 satisfying (I3).

Now we prove the second statement of the corollary.

By definition, for each A € (C%)* := C¢\ {0} and each t € Ry we have f(tz) :=
fag,n (2), where

Iz) = f(fi(pi(2)), ..., fe(p(2))),

Ty (2) = f(fi(pe,1(2)s - fr(per(2))),  prj(2) = pi(tz) .

Let Ly C (C%)* be the image of Ry under the map h(-,\) : Ry — (CH*. Tt is
readily seen that the required result follows from the first part of the corollary and
from the following statement:
Ly intersects the set S := {v € C? : f,(2) =0 forsome z € '} in
smooth points for almost all A € (C%)* .
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In the rest of the proof we will show that the above statement is true.
Let C%*! be the space of vectors vj = (vjo, .. .,vjq;) composed from coefficients
of the polynomial p;(z) := Zo<k<d1 ;2" in the definition of fy. The action of R4

on (C%)* determined by h induces a similar action h; of Ry on C%*1,
hj(t,v;) = (vjo, tvjn, . .. ,tdjvjdj), vj = (vjo,- -, Vjd,),
so that
h(t,v) := (hi(t,v1), ..., he(t,op)), v = (v1,...,0) € (CH*, teR, .

Vi={vecC?: Z ( Z [vjs

1<j<k 1<s<d;

Set

Fy=1}.

Then it is easy to see that hlr, xv : Ry x V — (C%)* is an analytic isomorphism.
By 7 : (C%)* — V we denote the composite of the projection 7 : Ry x V — V and
(hlr, xv) ' Next we set

B; = ve(Cd:%§ Z Z |vj82Td!§i

1<j<k 1<s<d;

. S;=8NDB;, i=12,....

Then each S; is subanalytic and 7 : S; — V is a proper map. In particular,
7(S;) C V is subanalytic and 7(S) = (U, 7(S:).

Let C C C? be the central set of the family F and C; := C N B;. Since, by
definition, codimgrC > 2, we have codimpm(C;) > 1.

Further, let K C S; be a compact subset. We will check that there is a constant
My < oo such that for any v € 7(S;) \ 7(C;) we have

#{T () NK} < M .

Actually, 7~ 1(v) coincides with the set {h(r,v) € (C%)* : r > 0}. The condition
h(r,v) € S means that the function f, has zeros on rI'. If, in addition, h(r,v) € S;,
then r lies in the interval A; == {r € Ry : (2)¥/2¢" <r <41/2¢'} This means that
#{7 1(v) N K} is less than or equal to the number of zeros of f, in the compact
domain R; bounded by (%)1/ 24T and 31/24'T. Since according to our assumption
v & C, this number is finite. Now the condition 77! (v) € K means that v varies in
a compact subset 7 C V. In this case it is well known (cf. [Br2]) that the number of
zeros of f,, v € T, in the compact R; is uniformly bounded by a constant Mg < co.

From the above result it follows that for any compact subanalytic subset K C
Si \ C we have dimp K = dimg7(K). Therefore dimgS; = dimg7(S;). But accord-
ing to hypothesis (B) of the corollary, S; # @ for some 7. In particular, by Lemma
(1), dimgS; = 2d — 1. Thus dimg7(S;) = dimgV'.

Let Sy; C S; be the set containing all singular points of S; and all points from
C;. Then Si; is a subanalytic subset of S; of codimension > 1. In particular,
dimg(S1;) < dimg7(S;). This means that the subanalytic set 7(.S1;) is of Lebesgue
measure zero in V but 7(S5;) has an exhaustion by subsets of positive measure.
Finally we have X := |J, 7(S1;) is of measure 0 in 7(S) = |J, 7(S;). It remains
to set Xg = Tr*l(Xl). Then according to our construction Xpg is of Lebesgue
measure 0 in C¢, and for each A € (C%)* \ Xg the set Ly := h(R,,\) intersects S
in smooth points only.

The proof of the corollary is complete. O
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3. PROOFS OF THEOREMS 1.7 AND 1.10

3.1. Proof of Theorem [I.7. We retain the notation of the proof of Theorem [[.5]

Let Y;; C B be the smooth boundary of real codimension 1 of Z;NB and Z; N B,
where B C V is a an open Euclidean ball. Choose a y € Y;;. Since, by hypothesis
(4) of the theorem, F is locally stable with respect to the family 73 on R, according
to Lemmas[2.3]and 25| the set of zeros of f,|r consists of a single point z;. Moreover,
|7 —i| = p, where u is the order of z;. Our objective is to prove that u = 1. To do
this we will point out a point y € Y;; such that fj|r has simple zeros only.

According to hypothesis (5) of the theorem for v = v(y) € C™ there exists a
positive € such that for any ¢ € R, |¢| < ¢, and any z € D, r := min{p, ﬁ}, we
have

Jytev (Z) = fy (Z) + CGy+cv (Z)7 where
(3.1) 55
|9y+c0(0)] > G and  |gytev(2) = gytren(0)] < — .

This means that gy4e, is non-zero in D,. (Recall also that I' C D,.) If € is
sufficiently small, there exists the continuous map 8y : I — B defined by

fo,0(2) = fy(t2) .
Here I. = {t € R : |t — 1| < €}. Then, as in the proof of Lemma 23, we have, say,
By(l+e)eZ; and By(l—¢) <€ Z; .

In particular, there is a positive ¢ < € such that for each real ¢, |¢c| < €, the
continuous map By : I — B,

fﬁy,u(t)(z) = fy+en(t2),

is correctly defined and By, (1 +¢€) € Z;, By (1 —€) € Z;. Thus we can find an
s = s(c) € I. such that 3, .(s) € Yj;, i.e. the number of zeros of f3, (s |r equals
|7—1i| :== pu. Now, from (B by the Rouché theorem we obtain that for a sufficiently
small e the zeros of each function f3, _(1)|r, t € I, are situated in a small open disk
O C D, centered at z; such that in O we have fy(z) = h(z)(z — z1)" with h
holomorphic and nowhere zero in a bigger open disk O; > O. Thus for zeros w of

f5,..(s)|r from (BI) we obtain

fy+cv(5w) _ h(sw)
gy+cv(5w) 9y+cv(3w)

(sw—z1)"+¢c=0.

If we choose ¢ # 0 in the above identity, we get that all zeros of fg, _(s)|r are simple.
Thus for the point § := By..(s) € Yi;, ¢ # 0, we have |j —i| = 1.
This completes the proof of the theorem. O

3.2. Proof of Theorem Let Py(z) be the Poincaré map of (I4). Clearly,
it suffices to prove the theorem for the family F = {f\}, fa(z) := P*T(Z) —1.

It is easy to see that Py(tz) = t - P5(z) for any ¢t € D\ {0}, where X is the

collection of coefficients a;, Eki defined by

Ui = apt™ T by = bt* T 1<tk <d.
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Therefore F is locally stable with respect to the family T5 on each compact set
where all Py are defined. For instance, if A € B.(0, N), N := m, we can take
the closed disk Dj /4 as such a set, see [Br2, Section 3]. Then by definition we have
£(2) =) Nz, A€ B:(O,N), z€Dyy,
i=0
where

co()) = ex {/2” a19 cos? ¢ + boy sin? ¢ + (ag1 + bio) sin ¢ - cos ¢ dqb}—l
0 P 0 1+b100052¢—a01sin2¢+(b01—alo)sin¢~cos¢ '

Moreover, let A € C¥@+3) be such that all the ag; and by, are zeros if (k,i) # (0,1)

or (k,i) # (1,0). Then f5(z) = co(N). If in the definition of A we set, in addition,
aip = bio = N and ag; = bo1, then in this case we get f5(z) = e20va — 1 # 0. This
means that the family F satisfies condition .

Next, consider the vector v € CH9*+3) which consists of the coefficients ax;, by
such that

[0, (ki) # (1,0), [0, (ki) #(0,1),
“’“"{ 1, (ki) = (1,0), b’““{ 1, (ki) =(0,1).

1)
We first estimate | D, fx(0)|. By the definition for A € B.(0, N), d > 2, we have
Co()\ + t’l)) — Co(>\) ‘

DA (0)] = | i 2O

ox {/27r a1g cos? ¢ + boy sin? ¢ + (ag1 + bio) sin ¢ - cos ¢ d } ‘
P o 14 bicos?¢ — agpsin? ¢ + (bo1 — aip)sing - cos ¢

2
1
X
‘ ,/0 1+ bigcos? ¢ — agy sin? ¢ + (boy — a10) sin ¢ - cos @

2w N 2w N
> — . —_ = .
> (1 T ) (27r T ) >6:=§

We used here the inequalities

d¢>‘

s
51 >1—
=T

2 27
1 M
_ J > _
‘/0 T+9(¢) ‘ o Z/ do 2 2m- (1 1—M>’

valid for |s| < 1 and |g(¢)] < M < 1, ¢ € [0, 27].
Now we estimate | D, fx(z) — Dy fr(0)], A € B.(0,N). We will use an equation
for solutions of (H):

(3.2)

¢
r(d, A\, 2) = z-exp {/0 H(\ r(s, /\,z),s)ds} , H(\rs):=

and

P(r,s)
1+Q(r,s)
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Also we use the following inequality (see [Br2, Section 3])

(3.3)
NVd
H(\rs)| < ——=:=0n, AeB.(0,N), reDy, s€|0,2n] .
[HOVr )l € oy, ACBL(0.N), 7 € Dy, s€[0,21]
From the inequality
53
A 2)| < |z]e¥™n < |z] - =
(90 2] < Jele?™ < el 32,
valid while |r(¢, A, z)| < 1, it follows that r is well defined for z € Ds5g/53. Also,

if z € Dg/4 we obtain from the last inequality that |r(¢, ), z)| < %. Now from

(B3) according to the Cauchy inequalities for derivatives of holomorphic functions
it follows that

OH (A
% <5y, A€ B(0,N), reDys, sel0,2n].
Finally, we will use the following identity, whose verification is straightforward:
1 1 1
DyH(\1r,8) = ———, where < = Yn -
( ) 14+ Q(r,s) 1+Q(r,s) 1— NVd L

Combining together all previous inequalities, we get from (3:2))

D, (TOAZ) | <o 7 \H(\, (s, \, 2), 8)|ds
< 0

z

sup
¢e [0,271']

27
X/
0

15
< e2™N | 21y, + —7T5n . sup
2 ¢€[0,27‘r]

OH(\, (s, A\, 2),8)
or

b, (rw,x,z) _1>‘ ) ) |
z
From here we obtain

(¢, A, 2) 47y, - e2mON 12
DoA=——"—71)|= —, A€ B.(0,N Dary .
U< z )‘_2—157r5n~627ﬂsn < 5 € B:(0,N), z € 3/4

D,H(A\ (s, A, 2),8) + - Dyr(s, A, 2) ‘ ds

sup
¢€[0,27]

In particular, since (27, A, z) := Py(z), we obtain

42
D) <2
From here and the Schwarz lemma we get for z € D34, A € B.(0, N),
4 84 112
[Dufa(z) = Do fa(0)| < 5 - — - |2[ = — - |z[ ;== M - |2] .
3 5 )
In particular, we have
o0 1
2M 224 7 87

Then, according to Theorem [, for any non-singular domain R C D, /g satisfying
the hypotheses of Theorem[I5] the graph of zeros G r(B.(0,N)) of F in B.(0, N)
is of A-type.

The proof of the theorem is complete. O
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